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$P\subset \mathbb{R}^{m}$ , $\varphi$ $P$ . ,
$\mathbb{Z}^{m}$
$R_{N}(P, \varphi):=\frac{1}{N^{m}}\sum_{\gamma\in(NP)\cap \mathbb{Z}^{m}}\varphi(\gamma N)$ , $N\in \mathbb{N}$ (1)
. , $P$ $\varphi$ ,
$\lim_{Narrow\infty}R_{N}(P;\varphi)=\int_{P}\varphi(x)dx$
. , $P$ $\mathbb{R}^{m}$ $R_{N}(P;\varphi)$
$Narrow\infty$ .
, Euler-Maclaurin .




, $B_{n}$ Bernoulli , :
$B_{n}=(-1)^{n-1}b_{2n}$ , Todd$(-z)$ $:= \frac{z}{e^{z}-1}=\sum_{k=0}^{\infty}\frac{b_{k}}{k!}z^{k}$ . (3)
(2) ( ) ,
. , $\varphi$ 1 C$\infty$ ,
,
. , $R_{N}(P;\varphi)$
( $\varphi$ ) Euler-Maclaurin
.
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$R_{N}(P;\varphi)$ $P$ , ,







[Br] . $\mathbb{R}^{m}$ $P$
, $P$ , $S\subset \mathbb{R}^{m}$ ( $S$ )
. P. , $u_{1},$ $\ldots,$ $u_{d}\in \mathbb{R}^{m}$
$c_{1},$ $\ldots,$ $c_{d}$
$P=\{x\in \mathbb{R}^{m};\langle u_{j},x\rangle\geq c_{j}(j=1, \ldots, d)\}$ (4)
. $P$ $S$ S (
) , $P$ , $\mathcal{V}(P)$ . $\mathcal{V}(P)$ $P$
. , $f\subset P$ $P$ , $u\neq 0$ $c$ ,
$P\subset\{x;\langle u, x\}\geq c\}$ , $f=P\cap\{x;\langle u,x)=c\}$
. $f\subset P$ , $F$
$f$ $\dim(f)$ . $P$ $P$ . $0$
. 1 . 1 .
$P$ $k$ $\mathcal{F}_{k}(P)$ , $\mathcal{F}(P)$ .
$P$ , $\mathcal{V}(P)\subset \mathbb{Z}^{m}$ . , $\mathbb{R}^{m}$
$P$ , $v\in \mathcal{V}(P)$ , $v$ ( $v$ )
$m$ . , $P$ . , $P$ Delzant ,
$P$ , $v\in \mathcal{V}(P)$ , $\mathbb{Z}^{m}$ $\mathbb{Z}$ $\{w_{1}, \ldots, w_{m}\}$




( ). $[F1_{J}],$ $[G]$ .
3
, Euler-Maclaurin , .
(1) $\varphi\equiv 1$ . $E_{P}(N)=N^{m}R_{N}(P;1)$ $P$ Ehrhart
, $E_{P}(N)=$ ( $NP$ ) . ,
. $P$ $E_{P}(N)$ $N$
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, Khovanskii-Pukhlikov $([KP])$ Delzant
, Brion-Vergne $([BrV])$
. Delzant
: $P$ Delzant , $\varphi$ . :
$R_{N}(P;\varphi)=$ Todd$(P; \partial N\partial h)\int_{P_{h}}\varphi(x)dx|_{h=0}$ . (5)
. $P$ (4) , $h=(h_{1}, \ldots, h_{d})\in$
$\mathbb{R}^{d}$ , $P_{h}$ (4) $Cj$ cj–hj
. , Todd$(P;\partial/N\partial h)$ ,
Todd$(P; \partial/N\partial h)=\prod_{i=1}^{d}$ Todd $(\partial/N\partial h_{i})$
. Todd$(z)$ $z=\partial/N\partial h_{i}$
. $h$ , $\varphi$
$h$ $([BrV])$ . (5) .
Brion-Vergne $\varphi$ . ,
, . Guillemin-Sternberg
, :
$R_{N}(P;\varphi)\sim$ Todd $(P; \partial N\partial h)\int_{P_{h}}\varphi(x)dx|_{h=0}$ . (6)
$\varphi\in C^{\infty}(P)$ . , $\varphi\in C^{\infty}(P)$ ,




, $1\prime N$ . Brion-Vergne
, 1 $N$ . Berline-
Vergne $([BeV])$ , $Brion$-Vergne . (
, , ,
. ) , Berline-Vergne
$([BeV])$ ( $N=1$ ):
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$P$ $f\in \mathcal{F}(P)$ , $f$
$D(P, f)$ , $\varphi$ .
$R_{1}(P; \varphi)=\sum_{f\in \mathcal{F}(P)}\int_{f}D(P, f)\varphi$. (7)
. $\mathbb{R}^{m}$ $V$ , $V\cap \mathbb{Z}^{m}$ $V$
( $V/(V\cap \mathbb{Z}^{m})$ ) . $V$ Lebesgue
$V\cap \mathbb{Z}^{m}$ 1 . $P$
$f\in \mathcal{F}(P)$ , $f$ , $\mathbb{R}^{m}$
. , Lebesgue $f$
, , . ( ,
. ) Berline-Vergne , $P$
, . Berline-Vergne $D(P, f)$ ,
.
, $D(P, f)$ Taylor .
Euler-Maclaurin
. – . Zelditch ([Z])
: $P$ Delzant . $n\geq 1$ , ( )
$\mathcal{E}_{n}(P)$ , $\varphi\in C^{\infty}(P)$ :
$R_{N}(P; \varphi)\sim\int_{P}\varphi(x)dx+\sum_{n\geq 1}N^{-n}\int_{P}\mathcal{E}_{n}(P)\varphi(x)dx$ , (8)
$n=1$ , :
$\int_{P}\mathcal{E}_{1}(P)\varphi(x)dx=\frac{1}{2}\int_{\partial P}\varphi$. (9)
$\partial P$ , Berline-Vergne
. $(n=1$ $)$ (
$)$ .
Zelditch $P$ Hermite
Bergman , Toeplitz-Fourier multiplier
. $\mathcal{E}_{n}(P)$
, . $\mathcal{E}_{n}(P)$
. $R_{N}(P;\varphi)$ . ,
, .
. $n=1$ Donaldson ([D]) .
$n=1,2$ , $n=1$
Zelditch . Zelditch $n=2$ ( )




, , ( Delzant ) Berline-Vergne
(7) , .
.
1 ([T2]) $P$ $\mathbb{R}^{m}$ Delzant . $f\in \mathcal{F}(P)$ $n$
$\dim(f)\geq m-n$ , $n-m-\dim(f)$ $D_{n}(P;f)$ , $f$
, $\varphi\in C^{\infty}(P)$ .
$R_{N}(P; \varphi)\sim\sum_{n\geq 0}N^{-n}\sum_{f\in F(P);\dim(f)\geq m-n}\int_{f}D_{n}(P, f)\varphi$ . (10)
, Berline-Vergne (7) . $[BeV]$
(10) . (7) . 1
$D_{n}(P, f)$ , .
, . , $D_{n}(P, f)$ (
) , Berline-Vergne
.
$D_{n}(P, f)$ . ,
, ,
, ([T2] ). ,
, , ,
. , $R_{N}(P, \varphi)$
.
$R_{N}(P; \varphi)\sim\sum_{n\geq 0}N^{-n}A_{n}(P, \varphi)$
. (11)
.
2 ([T2]) 1 . .
$A_{0}(P, \varphi)=\int_{P}\varphi$ , $A_{1}(P, \varphi)=\frac{1}{2}\int_{\partial P}\varphi$,
$A_{2}(P, \varphi)=-\frac{1}{12}$ $\sum$ $\frac{1}{|u(f)|^{2}}\int_{f}\nabla_{u(f)}\varphi$
(12)
$f\in \mathcal{F}_{m-1}(P)$
$+$ $\sum$$g \in \mathcal{F}_{m-2}(P)[\frac{1}{4}-\frac{\langle u(f_{1}),u(f_{2})\}}{12}(\frac{1}{|u(f_{1})|^{2}}+\frac{1}{|u(f_{2})|})]\int_{g}\varphi$.
, $A_{2}(P, \varphi)$ , $f\in \mathcal{F}_{m-1}(P)$ $u(f)\in$
$\mathbb{Z}^{m}$ , $f$ $P$ . 2 $g\in$
$\mathcal{F}_{m-2}(P)$ $fi,$ $f_{2}\in \mathcal{F}_{m-1}(P)$ $g=fi\cap f_{2}$ .
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$A_{0}(P, \varphi)$ , $A_{1}(P, \varphi)$ Zelditch
(9) . $A_{2}(P, \varphi)$ . $A_{2}(P, \varphi)$ ,
.
, 1 $D_{n}(P;f)$
. , $D_{n}(P;f)$ Berline-Vergne (7)
$D(P, f)$ , .
3 ([T2]) 1 . $f\in \mathcal{F}(P)$ $n$ $\dim(f)\geq m-n$
. Berline-Vergne $D(P;f)$ $n-m-\dim(f)$
, (10) $D_{n}(P;f)$ .
, 1 Berline-Vergne ,
Delzant Berline-Vergne (7)
. , , Berline-Vergne (7) (Delzant )
. , Brion-Vergne $([BrV])$ $\varphi$ $d$
, $N^{m+d}R_{N}(P;\varphi)$ $N$ $m+d$ .
, (10) $m+d+1$ , (10)
. .
5 Ehrhart
1 $D_{n}(P, f)$ .
, Ehrhart
. , $n-m-\dim(f)=0$ $n=m+\dim(f)$










( $\varphi$ ). $E_{P}(N;1)=E_{P}(N)$ . 1
$E_{P}(N;\varphi)\sim$ $\sum$ $N^{k}A_{m+d-k}(P,$ $\varphi)$ , $A_{m+d-k}(P,$ $\varphi)=$ $\sum$
$k\leq m+d$
$f \in \mathcal{F}(P);\dim(f)\geq k-d\int_{f}D_{m+d-k}(P,$
$f)\varphi$
. $D_{m+d-k}(P, f)$ $d-k+\dim(f)$ , $\varphi$ $d$
, $D_{m+d-k}(P, f)\varphi=0$ $\dim(f)\geq k+1$ . $k<0$ ,
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$f\in \mathcal{F}(P)$ $\dim(f)\geq k+1$ , $A_{m+d-k}(P, f)=0$ $k<0$ .
, :




. ( $\varphi=1$ Ehrhart $E_{P}(N)$
1 . ) , $\sim$” ,
.




$A_{m+d-k}(P, \varphi)=\sum_{;f\in \mathcal{F}(P)k-d\leq\dim(f)\leq k}\int_{f}D_{m+d-k}(P, f)\varphi$ .
.
$\varphi(0)=E_{P}(N, \varphi)|_{N=0}=A_{m+d}(P, \varphi)=\sum_{v\in \mathcal{V}\langle P)}[D_{m+d}(P, v)\varphi]$
.
, $\varphi=1$ , Ehrhart $E_{P}(N)$
. $D_{m+d-k}(P, f)$ , $d-k+\dim(f)$
$D_{m+d-k}(P, f)1=0$ . $A_{m+d-k}(P, 1)$
, :
5 $P$ Delzant . Ehrhart $E_{N}(P)=\#[(NP)\cap \mathbb{Z}^{m}]$
.
$E_{P}(N)= \sum_{k=0}^{m}N^{k}\sum_{f\in \mathcal{F}_{k}(P)}D_{m-k}(P, f)vol(f)$ .
$D_{m-k}(P,$ $f)$ .
5 , . Danilov
$([BeV]$ $)$ , , $P$ $P$ $f$ “
” , , Morelli ([M])
49
, Berline-Vergne $([BeV])$ . ( “
” , . . )
$D_{n}(P, f)$ , ( ) Berline-Vergne (7)
, Berline-Vergne ,
. ,
$1=E_{P}(0)= \sum_{v\in \mathcal{V}(P)}D_{m}(P, v)$
, $D_{m}(P, v)$ ,
, 1 , , . ,
$m=2$ , 2 , Noether ([Fu], [I] )
.
6 Szasz
1 , ${}^{t}Szasz$ ” . ,
1 1 , ,
, 1 , Euler-Maclaurin ,
. 1 , $P=[0,1]$
:
(1) $\varphi\in C^{\infty}([0,1])$ $\varphi\in C_{0}^{\infty}(\mathbb{R})$ , $\varphi\in C_{0}^{\infty}(\mathbb{R})$ .
(2) RN $( \varphi):=R_{N}([0, \infty);\varphi)=\frac{1}{N}\sum_{k=0}^{\infty}\varphi(kN)$ .
(3) $R_{N}( \mathbb{R};\varphi)=\int_{\mathbb{R}}\varphi(x)dx+O(N^{-\infty})$ .
(4) $R_{N}([0,1];\varphi)=R_{N}([0, \infty);\varphi)+R_{N}([0, \infty);\psi)-R_{N}(\mathbb{R};\varphi)$ (2), (3)
$R_{N}([0,1];\varphi)$ . $\psi(x)=\varphi(1-x)$ .
, . (1)
. $\varphi\in C^{\infty}([0,1])$ ,
. (2), (3)
.
(3) (2) . , (2) :
$R_{N}( \varphi)\sim\int_{0}^{\infty}\varphi(x)dx-\sum_{n\geq 1}\frac{b_{n}}{n!}\varphi^{(n-1)}(0)N^{-n}$ , (14)
$b_{n}$ (3) . (3) , [GS]
. $\varphi\in C_{0}^{\infty}(\mathbb{R})$ $|l|$ $l$
$T_{l}\varphi(x):=\varphi(x+l)$ $(0, +\infty)$ . , $lN$
50
$R_{N}( \mathbb{R};\varphi)=\frac{1}{N}\sum_{k\in Z}\varphi(k/N)=\frac{1}{N}\sum_{k>0}T_{l}\varphi(k/N)=R_{N}(T_{l}\varphi)$
. , (14) $\varphi$ $T_{l}\varphi$ ,
$(T_{l}\varphi)^{(n-1)}(0)=0$ (3) .
(3) , (2)
(14) ( $[0, +\infty)$ ( “
” $)$ ) .
(4) , Brion-Vergne $([BrV])$
“Euler ” . “inclusion-exclusion ” ,
. , . ,
(2) , $P$










$R_{N}^{\omega}( \varphi):=\frac{1}{N}\sum_{k\geq 0}\omega^{k}\varphi(k’ N)$ (15)
(twisted Riemann sum) . Guillemin-Sternberg
([GS]) , .
$R_{N}^{\omega}( \varphi)\sim-\sum_{n\geq 1}\frac{b_{n}^{\omega}}{n!}\varphi^{(n-1)}N^{-n}$ , (16)
, $b_{n}^{\omega}$ .
$\frac{z}{\omega e^{z}-1}=\sum_{n\geq 1}\frac{b_{n}^{\omega}}{n!}z^{n}$ . (17)
, (14), (16) , Szasz . ,
, .
Szasz Bernstein Otto Szasz 1950
([S]). “ “Szasz . $\varphi\in S(\mathbb{R})$
. Szasz $S_{N}^{\omega}(\varphi)$ $($ $\omega\in S^{1})$ , $[0, \infty)$ ,
.
$S_{N}^{\omega}( \varphi)(x)=\sum_{k=0}^{\infty}\omega^{k}\ell_{k}(Nx)\varphi(kN)$, $\ell_{k}(x)=\frac{x^{k}e^{-x}}{k!}$ . (18)
51
Szasz ([S]) $\omega=1$ , Szasz .
$\omega=1$ Szasz , $\varphi$ : $[0,1]arrow \mathbb{C}$ Bernstein
$B_{N}( \varphi)(x)=\sum_{k=0}^{N}m_{N}^{k}(x)\varphi(k/N)$ , $m_{N}^{k}(x)=(\begin{array}{l}Nk\end{array})x^{k}(1-x)^{N-k}$ , $x\in[0,1]$
Poisson
$\lim_{Narrow\infty}m_{N}^{k}(x/N)=\ell_{k}(x)$
. , [T3] .
Szasz , :
$\int_{0}^{\infty}S_{N}^{\omega}(\varphi)(x)dx=R_{N}^{\omega}(\varphi)$ .
, S.$N\omega(\varphi)$ $Narrow\infty$ , $x$
, $R_{N}^{\omega}(\varphi)$ . $S_{N}^{\omega}(\varphi)$
.
6 $\varphi$ $\mathbb{R}$ Schwartz $\omega\in S^{1}$ . $n<K<2n$
$n$ $K$ , .
$S_{N}^{\omega}( \varphi)(x)=\sum_{\mu=0}^{2n-1}\frac{\varphi^{(\mu)}(x)}{\mu!}J_{\mu}^{\omega}(Nx)N^{-\mu}+O(N^{-n}(1+x)^{n-K})$ , $x>0,$ $N>0$ .
$O(N^{-n}(1+x)^{n-K})$ $n,$ $K$ . $J_{\mu}^{\omega}(x)$ :
$J_{\mu}^{\omega}(x)=e^{-(1-\omega)} \sum_{k=0}^{\mu}p(\mu, k;\omega)x^{k}$ ,
$p( \mu, k;z)=\sum_{t=0}^{k}(\begin{array}{l}\mu t\end{array})(-1)^{t}S(\mu-t, k-t)z^{k-t}$ , $z\in \mathbb{C}$ .
$z=1$ $[\mu/2]+1\leq k\leq\mu$ $p(\mu, k;1)=0$ , $J_{\mu}^{1}(x)$ $[\mu\prime 2]$
.
, $p(\mu, k;z)$ $S(n, k)(0\leq k\leq n)$ Stirling
, $n$ $k$ .
6 [T3] $\omega=1$ , [T2]
, . $S_{N}^{\omega}(\varphi)$ $n+1<K<2n$




7 $\varphi\in S(\mathbb{R})$ .
(1) $\omega=1$ :
$R_{N}([0, \infty);\varphi)\sim\int_{0}^{\infty}\varphi-\sum_{n\geq 1}c_{n}\varphi^{(n-1)}(0)N^{-n}$ ,
(19)
$= \sum_{\mu=n}^{2n}\frac{(\mu-n)!}{\mu!}(-1)^{\mu-n}p(\mu, \mu-n;1)$ .





, 7 (19), (20) , (14), (16)
, :
$b_{n}’ n!=c_{n}$ , $b_{n}^{\omega}\prime n!=-c_{n}^{\omega}$ . (21)
(21) ,
$c_{n}= \frac{n+1}{n!}(\begin{array}{l}2nn\end{array})\sum_{l=0}^{n}\frac{(-1)^{l}}{l+1}(\begin{array}{l}2n+nl\end{array})S(n+l, l)$
. Stirling , Catalan $(\begin{array}{l}2nn\end{array})$ , $b_{n}’ n!$
$([GKP])$ , (21) .
$\omega\neq 1$ , .
7
, . , Delzant
, 1 . Berline-Vergne
, $D(P, f)$ $P,$ $f$ , (valuation
property ). , $P$ $D(P, f)$
” , , (7)
. ( , $D(P, f)$ “ ” ,
valuation property . , .
$)$ $D_{n}(P, f)$ ,
.
, , , effective
, .
, , .







, Poisson , ( )
, Bernstein
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